Abstract. In this paper, groups with trivial intersection between Frattini and derived subgroups are considered. First, some structural properties of these groups are given in an important special case. Then, some family invariants of each n-isoclinism family of such groups are stated. In particular, an explicit bound for the order of each center factor group in terms of the order of its derived subgroup is also provided.
Introduction and Preliminaries
The classification of all finite groups having cyclic Sylow subgroups is done by Holder, Burnside and Zassenhaus. They have proved the following theorem. This means that a finite group whose Sylow subgroups are cyclic is an extension of one cyclic group by another.
After a while, some authors focussed on finite soluble groups whose Sylow subgroups are abelian. These groups are called A-groups and were first studied by P. Hall [4] . Interest in A-groups also broadened due to an important relationship to varieties of groups discussed in [7] . Some results were obtained on this subject is as follows. Every subgroup, quotient group, and direct product of A-groups are A-groups. A finite nilpotent group is an A-group if and only if it is abelian. Moreover, Walter [10] proved that a non-abelian finite simple group is an A-group if and only if it is isomorphic to the first Janko group or to P SL (2, q) where q > 3 and either q = 2 n or q ≡ 3, 5 mod 8. The important theorem on A-groups, which was stated without proof by P. Hall [4] , is proved by Taunt [9] . Although Taunt [9] showed that G ′ ∩ Z(G) = 1, for each A-group G, but the converse of Taunt's statement is not true in general. A counterexample is the simple group P SL (2, 17) .
Note that, the Frattini subgroup of P SL(2, 17) is trivial. Therefore, the meet of the center and the derived subgroup of P SL(2, 17) is trivial whereas it is not an A-group [10] . Hence, one of the problems that the paper follows is finding a set of groups satisfying the converse of Taunt's statement. More precisely, since, φ(G) ∩ G ′ = 1 implies that G ′ ∩ Z(G) = 1, we will focus on the family of groups in which φ(G) ∩ G ′ = 1, for each group G, and then try to obtain some structural properties of A-groups in this family of groups. In particular, an explicit bound for the order of each center factor group in terms of the order of its derived subgroup is also provided.
We begin by introducing a slight generalization of the concept of upper central series of a group and some other concepts which are needed later.
Let G be any group and α be an ordinal number. The terms ζ α G of the upper central series of G are defined by the usual rules
together with the completeness condition
where λ is a limit ordinal. Since the cardinality of G cannot be exceeded, there is an ordinal β such that ζ β G = ζ β+1 G = . . . , a terminal subgroup called the hypercenter of G. It is sometimes convenient to call ζ α G the α-center of G. Now, we recall that the notion of n-isoclinism and some related results [5] .
The equivalence relation n-isoclinism partitions the class of all groups into families. According to this notion, two groups G and H are n-isoclinic if there exist isomorphisms α :
In this case, we write G ∼ n H. 1-isoclinic groups G and H are briefly called isoclinic and shown by G ∼ H.
Any quantity depending on a variable group and which is the same for any two groups of the same family is called family invariant. Thus the derived subgroup, the central quotient group and also the intersection of derived subgroup and center subgroup are some family invariants in each isoclinism family. A group S in which Z(S) ⊆ γ n+1 (S) is called an n-stem group and 1-stem group is briefly called stem group.
One of the problems that we like to follow is given an explicit bound for the order of each center factor group in terms of the order of its derived subgroup. There are numerous interesting bound which obtained by some authors. A famous Theorem of P. Hall [8, p.423] says that the factor group G/Z 2 (G) is finite, whenever G is an arbitrary group with finite derived subgroup. Therefore, the finiteness of G ′ implies that the finiteness of G, when Z 2 (G) is trivial. Herzog et al. [6] assumed a stronger condition, namely, the Frattini subgroup and the center of G is trivial and proved that not only such group G is finite but also there exists an explicit bound for the order of G in terms of the order of G ′ . In fact, they can prove that |G| ≤ |G ′ | 3 for each group G with finite derived subgroup in which φ(G) = Z(G) = 1.
Furthermore, they conjectured that |G| ≤ |G ′ | 2 for such groups. Halasi and Podoski [2] proved this conjecture and extended it by showing the following result.
Equality holds if and only if G is abelian.
We are now in a position to state the major results of this paper.
Theorem A. Let G be a finite group such that G ′ is nilpotent. Then G is an A-group and φ(G) is central if and only if φ(G)
∩ G ′ = 1.
Theorem B. Let G be a group such that φ(G) ∩ G ′ = 1 and G ′ be finite nilpotent. Then (i) Z(G) is the intersection of all non-normal maximal subgroups of G, (ii) Z(G) is the hypercenter of G and G/Z(G) is finite and also φ(G/Z(
G)) = 1, (iii) G = HG ′ , where G ′ is elementary abelian, H is abelian, H ∩ G ′ = 1
, and Z(G) ⊆ H, (iv) every stem group that is isoclinic to G is an A-group.
The next result generalizes Theorem 1.2 and the main result of [1] .
Theorem C. Let G be a non abelian group such that G ′ is finite and φ(G)
∩ G ′ = 1. If G N is the smallest normal subgroup of G such that G/G N is nilpotent, then |G ′ | ≤ |G/Z(G)| < |G ′ ||G N |.
Main results
In 1904, Schur proved that the finiteness of G/Z(G) for each group G implies that the finiteness of G ′ . The converse of this statement is not true in general. Infinite extra-special p-groups are desirable counterexamples. Now, we give a set of groups satisfying the converse of Schur's theorem.
Proof. It is easy to see that 
By Lemma 2.1, we conclude that Z(G/Z(G)) = 1, and the proof is complete.
Notice that the condition φ(G)
D is the intersection of all non-normal maximal subgroups of G.
The following examples give a group G such that φ(G) ∩ G ′ = 1 whereas φ(G) ̸ = 1.
Example 2.3. Let p be a prime number, S n the symmetric group of degree n and G = S n ×Z p t such that n ≥ 3 and t 2. It is easy to see that
Other example is provided by using Theorem 1.1. (ii) G satisfies the normalizer condition, (iii) every maximal subgroup of G is normal, Here, we can show that a finite group G may be described by two of its abelian subgroups 
Proof. The proof is similar to the proof of [8, 5.2.4].

Lemma 2.6. Let G be a group such that G ′ is nilpotent and φ(G)
Let G be a group such that φ(G)∩G ′ = 1. Note that, by Proposition 2.2, φ(G) ⊆ Z(G), and so φ(G) is abelian. Moreover, if Fitting subgroup F (G) of G, the unique maximal nilpotent normal subgroup of G, is nilpotent, then it is not difficult to check that F (G) is also abelian.
if and only if φ(G)
is central. Therefore, Z(G ′ ) = G ′ , n = 2 and also we will have
This completes the proof.
Theorem 2.10. Let q be a prime number and G be a finite group such that φ(G)
Proof. Using Theorem 2.8,
Thus H 0 is abelian and the result follows.
It is known [8, 1.6 .18] that each Sylow subgroup of a normal subgroup N of G, P N , is as N ∩ P in which P is a Sylow subgroup of G. Proof. It is easy to see that, if N is an intersection of some non-normal maximal subgroups of
The proof is completed.
According to Theorem 2.16, we may say that the intersection of Frattini and derived subgroup is a family invariant among such groups.
Proof of Theorem B.
(i) The result follows from Proposition 2.2.
(ii) The result follows from Lemma 2.1, and Lemma 2.16.
(iii) By part (ii), we have G/Z(G) is a finite group with trivial Frattini subgroup and The alternating group A n (n ≥ 5) asserts that the inequality in Theorem C is sharp and that the bound we obtained there is the best possible one.
The following example shows that the condition φ(G) ∩ G ′ = 1 is necessary and cannot be omitted. 
